many radial excitations of mesons and baryons have been established [6] . Sometimes it is quite difficult to identify the radial excitations of hadrons. For example, the situation of the radial excitations of the vector charmonium above 4 GeV becomes quite unclear after so many charmonium-like XYZ states have been reported experimentally in the past decade.
Theoretical investigations of the radial excitations are also very challenging.
In this work, we shall study the first radial excitations of the light mesons and nucleon within the framework of the QCD sum rule formalism. We explicitly keep two poles in the usual spectrum representation. Then we employ the least square method in the numerical analysis to extract the resonance information of the first radial excited state. The extracted masses of the radial excitations of the light mesons and nucleon agree with the experimental data quite well.
The paper is organized as follows. In Section II, we introduce the QCD sum rule formalism and our least-square method. The numerical results are presented in Sections III-VII. The last section is a short summary.
II. FORMALISM
Within the framework of the QCD sum rule approach, we study the correlation function at the quark level Π (q) = iˆd 4 x e iqx 0 T j (x) j † (0) 0
where j (x) is the interpolating current with the same quantum numbers as the hadrons.
The above correlation function satisfies the dispersion relation
At the quark gluon level, the correlation function can be calculated with the operator product expansion. The gluon and quark condensates appear as higher dimensional operators in this expansion. At the hadron level, the spectral density of the correlation function can be expressed in terms of the hadron masses and couplings. Due to the quark hadron duality, we get an equation called the QCD sum rule which relates the correlation function at the quark gluon level to the physical states. After making Borel transformation to the sum rule in the momentum space, one gets
where M is the Borel parameter.
The spectral density usually takes the one-pole approximation
where m is the mass of the ground state and s 0 is the threshold parameter. Above s 0 , the spectral density at the hadron level is replaced by the spectral density derived at the quark-gluon level. Now the sum rule reads
The usual numerical method in QCD sum rule analysis is to differentiate Eq. (5) with respect to 1 /M 2 and divide the resulting equation by Eq. (5)
One usually plots the variation of the mass versus M 2 and s 0 to find a working window. However, the method described above can only be applied to the ground states. In order to extract the resonance information of the first radial excitation, we modify the above spectral density and explicitly keep the pole of the first radial excitation in the spectrum.
Now the modified spectral density reads
To simply the numerical analysis, we use the zero width approximation for both the ground state and first radial excitation. The parameters f 1 and f 2 are related to the coupling parameters while m and m ′ are the masses of the ground state and the first radial excitation respectively. Now the sum rules read
The usual numerical method cannot be applied here because the modified spectrum has two mass parameters. We use the least square method [7] to fit these masses and decay parameters. The detail of the method are described below.
As usual in the sum rule analysis, one has to find an optimal working interval of the We analyze several light mesons and nucleon in the following section. The sum rules of the light mesons can be found in the pioneer paper [1] . The nucleon sum rule with the radiative corrections can be found in Ref. [8] . We collect these sum rules in the appendix.
In our analysis we use the following values for the various condensates and parameters [1, 6, 9] :(2GeV) = − 277
III. THE ρ MESON
The interpolating current for the ρ meson is
and the resulting sum rule can be found in the appendix. The usual single-pole spectral density reads We also need the double-pole spectral density
where f ρ and f ρ ′ are defined as
where
We first use the least square method and the traditional one-pole spectrum representation with α = 0.2 and N = 40 to extract the mass and decay constant of the ρ meson. The results are listed in Table I . The parameter f 1 is related to the decay constant in Eq. (4).
The values of "min" are the sum of the squares of the differences in Eq. (10) . Only when the value of "min" is much smaller than the parameters f 2 1 , f 2 2 etc, the fit and the extracted decay constants are reliable.
We collect the fitting results with the double-pole spectrum in Table II . Note that the parameter m in Table II is the input to extract the information of the excited state. We use α = 0.1 in this case. The threshold s 0 plays the role of including the first radial excitation in the spectrum while excluding the contribution from the higher excitations. To check the consistency of our fitting and dependence of our results on s 0 , we vary s 0 in a range. A reliable fitting requires that the mass m ′ and decay constant f ρ ′ of the first radial excitation
should not vary too much with s 0 .
From Table I we have which agrees with the ρ meson mass from PDG m = 0.77GeV [6] and the experimental measurement of the ρ meson decay constant [10] 
In order to reduce the dependence on the threshold parameter s 0 , the extracted values of m and f ρ are the average values of the numerical values in Table I . From Table II we have
From PDG, the mass of the first radial excitation is m ′ = 1.47 GeV and its width is Γ = 0.40
GeV. Our extracted ρ ′ mass is consistent with the experimental data. At present, the decay constant of ρ ′ has not been measured yet.
IV. THE π AND A 1 MESONS
We adopt the axial current for the pion and A 1 mesons
and the resulting sum rule can be found in the appendix. Besides the a 1 pole, the pion also contributes to this sum rule due to the partial conservation of the axial vector current. As a Goldstone boson, the pion mass is tiny. Especially in the sum rule analysis, m 2 π is much much less than the Borel parameter M 2 . We can safely ignore the pion mass and let it be zero in the numerical analysis.
The usual spectrum representation is
Our modified spectrum representation reads
In the fitting, we use the least square method and the traditional spectrum representation with α = 0.3 and N = 80 to extract the A 1 mass and decay constant. The results are listed in Table III .
In order to extract the resonance parameters of the first excitation of the pion meson, we employ the modified spectrum and allow f A 1 and m A 1 to vary around the experimental data within ±5%. The numerical results are listed in Table IV . From Table III we have
From PDG we have m A 1 = 1.23 GeV and Γ A 1 = 0.40 GeV. We note that the A 1 mass from the fitting is in rough agreement with the experimental data. The extracted pion decay constant agrees with the experimental data [6] 
However, the extracted A 1 decay constant is only half of the experimental data [11] 
To extract the first radial excitation of the pion meson, we use the experimental data of the A 1 decay constant as input in the numerical analysis. The results are collected in Table   IV . We have
The resulting mass of the pion radial excitation agrees with the PDG value very nicely: m π ′ = 1.30 GeV and Γ π ′ = 0.40 GeV [6] . Note that the extracted numerical value of f π ′ is not reliable since the parameter f 2 3 is even smaller than the "min". In this case, we may get a upper bound
Accordingly, we get the upper bound for
If the value of f π ′ is larger than 0.032 GeV, we should be able to extract its value through the least square fitting method.
In other words, our numerical analysis demonstrates that the decay constant of the pion radial excitation π ′ is much smaller than the pion decay constant around 130 MeV. This interesting fact was also noticed by previous theoretical work including lattice simulations [3, 4, [12] [13] [14] [15] [16] [17] [18] [19] [20] . In fact, the suppression of the π ′ decay constant is a consequence of the chiral symmetry breaking. In the chiral limit, the decay constants of the pion and its radial excitations satisfy the following relation [21] f πn m
where m πn (n ≥ 1) is the mass of the pion radial excitation. The pion ground state is massless in the chiral limit as a Goldstone boson, hence its decay constant can be large and nonzero. For the pion radial excitation, its mass is large and nonzero. Therefore its decay constant has to vanish, i.e., f π 1 = 0.
V. THE K * MESON
The interpolating current for the K * meson is
and the resulting sum rule can be found in the appendix. The usual single-pole spectral density reads Our modified spectrum representation reads
where f K * and f K * ′ are defined as
the modified spectrum are listed in Table VI . From Table V we have
From Table VI we have
where m is an input parameter in Table VI . The decay constant of the K * was measured to be [10] 
From PDG, the mass and width of the K * ′ are m ′ = 1.41 GeV, Γ = 0.232 GeV respectively.
Clearly our extracted f K * from both fitting agrees with the data. The extracted m ′ is also consistent with data.
VI. THE ϕ MESON
The interpolating current for the ϕ meson is
and the resulting sum rule can be found in the appendix. The usual spectrum representation is
We also use the modified spectrum representation
where f ϕ and f ϕ ′ are defined as
We use the least square method and the traditional spectrum representation with N = 20.
Note that there does not exist a working interval of M 2 for α = 0.2. So we use α = 0.3 here.
The results from the first spectrum representation are listed in Table VII and those from the modified spectrum are listed in Table VIII , where m is the input parameter in Table VIII . From PDG, the mass and width of the ϕ ground state are m = 1.020 GeV and Γ = 0.004
GeV while m ′ = 1.68 GeV, Γ = 0.20 GeV for first radial excitation. The decay constant of ground state was measured to be [10] 
From Table VII we have
The decay constant of the ϕ meson from both fittings agrees with the data very well while the extracted mass of the first radial excitation is in rough agreement with the data.
VII. THE NUCLEON
The interpolating current for the nucleon is
and the resulting sum rule [8] can be found in the appendix. The usual spectrum representation for the nucleon is
2 N ′ and λ N is the overlapping amplitude of the interpolating current with the nucleon state.
The results from the first spectrum representation are listed in Table IX and 
From Table X we have
which is in rough agreement with the data. 
VIII. SUMMARY
In short summary, we have attempted to extract the masses of the first radial excited states of the light mesons and nucleon. In our modified hadronic spectral density, we explicitly keep the pole of the first radial excited states together with the ground state. Requiring that the operator product expansion converge and the continuum contribution be subleading leads to the optimal working interval of the Borel parameter M 2 . Then a series of "data"
points (or pseudo-data points) were produced within this working interval of M 2 . Using the usual one-pole spectral density, we can extract the mass of the ground state with the least square fitting method, which agrees with the experimental data. Then we use these "data"
points and the mass of the ground state as input parameters to extract the mass and the decay constant of the first radial excited state by the least square method, which are in good agreement with the available data.
The QCD sum rule method has its inherent accuracy limit due to the various approximations adopted within this framework, such as the truncation of the the OPE series of the correlation function, the assumption of the quark-hadron duality, the omission of the decay width in the spectral density, the factorization of the four quark condensates and the uncertainties of the values of the various condensates etc. In our analysis we only include the uncertainty from the fitting using the least square method itself. The least square method with the modified spectrum representation allows us to extract useful information of the first radial excitations, which depends on the accuracy of the sum rules. It will be very interesting to explore whether such a formalism can be applied to the other hadrons.
